t° ] F |2 a Jv. From mere dimensional considerations it can easily be seen th at terms of W proportional to l/rn give a contribution to the crosssection which asymptotically depends on v like vn~^. Thus our asymptotic formula (42) ( 0~l/^v ) is due to the 1/r3 terms in the proton ne interaction.]
Introduction
In the first two papers in this series (Lennard-Jones and Devonshire 193 7-8) we developed a simple method of calculating the free energy of a dense gas or a liquid in terms of interatomic forces. We used this to calculate critical temperatures and also vapour pressures and boiling-points. In later papers (Lennard-Jones and Devonshire 1939) we showed th a t the model used in the earlier papers was more appropriate to a solid than to a liquid, and th at to obtain a satisfactory theory for a liquid we must modify it by introducing the concept of disorder. In this way we were able to account satisfactorily for the phenomenon of melting.
In this paper we propose to use the expression for the free energy obtained in the earlier papers to calculate the specific heats of solids and liquids, and also the coefficients of thermal expansion and compressibilities. As before, we confine ourselves to the case when quantum effects are negligible.
The theory of the specific heat of a solid on the assumption th a t it behaves like a set of harmonic oscillators has been fully discussed by Debye (1912) , Born (1923), and Blackman (1934-5) . But although this approximation has a wide range of validity it is probably not true for many solids at high tem peratures. Damkdhler (1935) has shown th at cv for the alkali halides almost certainly falls off at high temperatures, and by considering a linear chain of ions has shown th at this can be accounted for by supposing th a t the vibrations are no longer harmonic. Our theory predicts a similar behaviour of the cv values for solid rare gases if quantum effects can be neglected, as they can for krypton and xenon. Although no experimental values of cv are known, the fact th at our cp values for krypton are in fair agreement with experiment indicate th a t the theory is approximately correct.
In a liquid the assumption that the molecules behave like simple harmonic oscillators is certainly not justified. For if this were so, the value of cv for a monatomic liquid would tend to six calories at high temperatures whereas it is known th a t for argon it decreases steadily from 5-5 cal. at the meltingpoint down to 4-3 cal. a t the critical point. The measurements show no dis continuity at this point but if continued to higher temperatures decrease steadily, reaching 3*5 cal. at 180°K. Other liquids also show a decrease. I t is true th at a decrease of cv with temperature can be obtained if we assume th a t the frequency of vibration (v) increases with the temperature. Magnus (1928) tried to account for the specific heat of mercury on this assumption, but found th a t with any reasonable law for the dependence of on T the rate of decrease of cv was far too slow. The same defect would certainly hold for argon, and in any case the hypothesis seems unlikely on physical grounds. I t seems much more reasonable to suppose, as we have done, th a t the molecules are moving in a field which is not parabolic. This has also been done by Eucken and Seekamp (1928) , and Bartholome and Eucken (1937) , who both obtained a very slow decrease of cv with temperature. They attributed the difference from the experimental results to association in the liquid, but it was certainly due in part to the fact th at they assumed the potential field to be independent of the specific volume, which cannot be true. Though our value of cv still decreases too slowly with temperature, it agrees with experiment much better than theirs. Moreover, their potential function contained adjustable constants, whereas ours is derived entirely from the law of force between molecules.
Calculations of specific heats
In Paper I we supposed the fields of the atoms to' be spherically sym metrical and the potential to be of the form
(1)
Now atoms obeying a law of force of this type would crystallize in the form of a face-centred cubic (Lennard-Jones and Ingham 1925) and the number of nearest neighbours of each atom would be twelve. We assume th at in the liquid phase there is a tendency to this structure and th a t the average field in which any one moves can be represented approximately by the effect of the twelve nearest neighbours in their mean positions. Then the partition function obtained in Paper I, equation (48), can be written in the form
where
and is the mutual potential energy of atoms, when arranged in a facecentred cubic lattice at their mean positions. This is easily obtained from (1) by adopting the summations given by Lennard-Jones and Ingham (1925) and by altering the notation so as to express the energy in terms of volume; thus,
where ci s the number of nearest neighbours ( = 12), the mimber of atoms in the assembly, v the total volume, and fhe fraction of the total volume which may be regarded as available to an atom; in fact
where the integral is taken over a unit cell of volume (the specific volume) and x j r ( r )i s the potential energy of the atom within its cell referred to th at at its centre as zero. For the particular law of force defined by (1) X is given by
where g = e*P {~ % ) + H y ) }] (7) (cf. equation (49), Paper I).
The partition function and free energy of the substance are now given by the equations
and the pressure, internal energy, entropy and specific heat by
) +^) 4(?=^) ) . To obtain cp we use the thermodynamic relation
( 1 5 ) and calculate ( dv/dT)p from equation (9) and (dS/dv)T from equation (11). Equation (9) can also be used to calculate the coefficient of expansion, th a t is ( l lv)(dv/dT)p.
So far we have assumed th a t the atoms form an ordered array as in a crystal, but in order to account for the phenomenon of melting it is neces sary to assume th a t in the liquid the atoms are in some way disordered. In Papers I I I and IV we assumed th a t this took place by certain atoms being transferred from their normal lattice sites to inter-lattice positions which we called /?-sites. The process of melting was thus regarded as analogous to the order-disorder transformation and could be treated either by the Bethe method, as in Paper III, or by the less accurate method of Paper IV. In either case the effect is to add an extra term to the free energy of the sub stance. As the second method is a good deal simpler than the first, and the loss in accuracy is unimportant compared with the other approximations in the theory, we shall follow it here.
We assume th at the number of JS-sites is equal to the number of a-sites and that each a-site or //-site has z /3-sites or a-sites surrounding it. In a configuration in which there are y pairs of neighbouring a-and //-sites we assume that the energy of the system has been increased by an amount y W, but th at the available volume per atom is unaltered. Then if we use dashes to denote the additional free energy of the system and the derived functions we can show th at 
but for zW 14kT> 1 another root will exist. In the liquid tliere is complet disorder and equation (18) holds. I t is easy to see th a t in this case c" = 0, so th a t the disorder does not affect cv. On the other hand, there is an addi tional pressure term given by so th at the coefficient of expansion and therefore will be affected.
In Paper IV we found that (1 -$) was quite appreciable in the solid state near the melting-point, so th at the effect of disorder in the solid would be to increase cv and cp considerably. On this point, however, our theory is almost certainly in error, as we have neglected the fact th a t W will decrease as the disorder increases. Probably the effect of disorder on the solid is not very great, so in the calculations of the next section we have neglected it entirely.
N umerical results
Measurements of cv for the rare gases in the liquid state have been made on argon by Eucken and Hauck (1928) , on neon by Clusius (1929) , and on helium by Eucken (1914) and Keesom (1935) . Our theory is certainly not applicable to helium where quantum considerations are all-important. For neon also their effect would be considerable, and in any case the neon used by Clusius is known to have been impure, so th a t we shall confine our com parison to the case of argon. In table 1 we give the values of cv determined by Eucken and Hauck, with the specific volumes and temperatures at which these measurements were made, and also the values of cv calculated by our theory. I t will be seen th a t our values tend to vary less rapidly with tem perature than they should, being too small at low temperatures and too large a t high temperatures, but they agree with experiment in indicating a steady fall with temperature. For the solid rare gases only the values of cp are known, and in table 2 we give cp calculated values (at zero pressure) as a function of together with the observed values for krypton and argon a t corresponding tem pera tures. To determine A for krypton we assumed th a t A /k T was the same for argon and krypton a t the melting-point. I t will be noticed th a t the specific heat for argon is appreciably lower than th a t for krypton a t corresponding temperatures (that is those a t which is the same)
. This is what we should expect as for argon there must be an appreciable quantum effect, since the characteristic tem perature is 80°. Hence the best test of our theory is to compare it with the observed values for krypton, and it is seen th a t the agreement is fairly good. The table also contains the values for cp just above the melting-point calculated by the methods of Papers I I I and IV. In table 3 we have given the calculated values of the volume a t zero pressure, the cubic coefficient of thermal expansion a, and the cubic com pressibility y, as functions of A jkT . The actual values tabulated are those of v/v0, otA/k, and xA /v0, since these, being pure numbers, are the same for all gases to which our theory is applicable. The only experimental result with which the values can be compared is the average thermal expansion of nitrogen between 39 and 63° K, whose value is found by Keesom and Lisman (1934) to be 0-0021. The value of A / kf or nitrogen can from the force constants given by Lennard-Jones (1937) and is found to be 1160°. Using this value we can a t once deduce the temperature corresponding to a given value of A / k Ta nd the corresponding value of a in (degre These are given in the same table, and the average value of a over the range 39-63° K is seen to be 0-0021 in agreement with experiment. Equations (9) and (10) giving the pressure and specific heat are indepen dent of the mass of the molecules. Our calculated values will therefore be the same for all isotopes of a given element. Differences would be found if quantum effects were allowed for, but we have considered only cases where these are small and may be neglected.
In conclusion I should like to thank Professor Lennard-Jones for suggesting this problem and for his continued interest and advice. I am also indebted to the Department of Scientific and Industrial Research for a grant.
Summary
Specific heats of simple substances in the liquid or solid phase have been calculated in terms of the intermolecular forces. Comparison is made with the experimental values for krypton and argon, and fair agreement is obtained. Calculations are also made of thermal expansion and com pressibility.
